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ABSTRACT: In this paper, we study the relationship between crack nucleation and failure of an interface
reinforced by chains and the results of a linear stability analysis presented in part 1 of this study (preceding
paper in this issue). We develop a numerical procedure to simulate the deformation and failure of such
an interface. We demonstrate that instabilities lead to spatial localization of the deformation which
determines the failure mode of the interface. The dependence of the failure modes on the material
parameters of the system, such as the number of entanglements of the pull-out chains, the level of applied
load, and the amplitude of the initial perturbation, is studied.

1. Introduction

In part 1 of this work, we examined the linear
stability of an interface reinforced by polymer chains.!
The deformation of the interface is assumed to be
governed by a chain pull-out mechanism. Our stability
analysis indicates that spatially homogeneous solutions
are unstable with respect to perturbations which have
long wave components in their Fourier spectrum.

The linear stability results in part 1 of this work are
strictly valid only when the amplitude of inhomogeneous
interface displacement is small compared with the
homogeneous solution. In other words, these results are
limited to sufficiently short times and, thus, cannot be
used to study the problem of crack initiation and the
subsequent failure of the interface.

In part 2 of this work, the time evolution of the
instability due to a random initial spatial perturbation
is studied by the numerical integration of the governing
equations for the special case of an elastic half-space
bonded to a rigid substrate. The numerical procedure
we developed allows us to simulate the complete failure
of the interface. To the best of our knowledge, there
has been no previous work done on the numerical
simulations of crack nucleation and failure of a spatially
homogeneous polymer interface. The first part of this
work focused on crack initiation. We first deduce the
regions of validity of our linear stability analysis by
comparing the results of numerical simulations with the
results of the linear stability analysis in part 1. The
dependence of crack initiation and the failure modes of
the interface on loading and microstructural parameters
is then explored.

The following notations for citing equations will be
used in this work. Equations in part 1 will be referred
to as eq 1.xx, where xx is the equation number. For
example, eq 1.12 is eq 12 in part 1. Likewise, eq 5 in
part 2 will be referred to as eq 2.5.

2. Numerical Solution Procedure

As in part 1, we consider the case of an elastic half-
space (y > 0) bonded to a rigid half-space (y < 0) as
shown in Figure 3 of part 1. The deformation of the
interface, for 0 > 0 and 6 < A, is governed by eq 1.5 of
part1;i.e.,
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o =Be®® 9 (2.1a)
where o is the normal interface traction, J is the
interface opening displacement, A is the critical inter-
face opening, and B and C are material parameters
defined in part 1 (see egs 1.2 and 1.3). To account for
the fact that the pull-out force must approach zero as a
chain is completely pulled out, eq 2.1a can be modified
by replacing eC—9) py eC(4=9)—1 (see eq 1.17):

o =B[e““ ™ —1]) (2.1b)

Note that we have set o* = 0 in eq 2.1 where ¢* is the
stress needed to initiate pull-out.

Following the same procedure as in part 1 of this
work, the normalized governing equation for the evolu-
tion of an interface subjected to the stress in eq 2.1b is
found to be

ou(t' ,x")

5elastic(u) +1= (efu _ e*A) .

u<A (223)
5elastic(u) +1=0 u=A (2.2b)

where u(x',t' ) is a normalized interface opening. x' and
t' are the normalized spatial and temporal coordinates,
defined by eq 1.23; i.e.,

B 0,C(1—v)
=— @6 X

ult' X ) = gé(t,x)
puy=el—e*
~e|ast|c f ’5 (.8 )

& —-x
A =Co = usls,

2.3)

We will omit the primes in the notation for the normal-
ized spatial and temporal coordinates when it does not
lead to confusion. The normalized elastic operator
gelastic(y), which was given by eq 1.20f, can be rewritten
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in the following form:
X)) = [ (—Iute)e™ de  (2.4)
where
u(t) = % [ u(tge ™ dx

is the Fourier transform of u(t,x). Equation 2.4 can be
obtained by noting that the interface opening displace-
ment u(t,x) is related to u(t,k) by the inverse Fourier
transform; i.e.,

u(tx) = [ u(t)e™ de
By using eq 1.27 and the relation A(x) = —|«|, we found

Uelastic(u(t,x)) — Gelastic(‘/‘_”wu(t’lc)eixx dK) —

fj:ou(t,/()OEIaStic(eiKX) dic = '/‘j:ou(th)(_|K|eiKX) dic

We simulate the behavior of the infinite interface by
computing the evolution of the interface opening u(t,x)
on a finite portion of the interface of length L. The
spatial coordinate is discretized using a uniform mesh
with N nodes located at x;. The spacing Ax between
nodes is Ax = L/N. At any time t, the displacement
u(t,x) and the normal traction ge'astic(t x) on the interface
are specified by their discretizations:

U(t) = (u(t,xy),...,u(t,xy))

G(t) = (5elastic(t’xl) - ,59Ia$tic(t,XN))

To avoid end effects in the numerical simulation, we
seek solutions that are periodic in space with period L.
We have carried out numerical simulations using dif-
ferent periods to ensure that the results of the discrete
system do not depend on the length of the period we
used in our analysis. Details of these simulations are
given in the Appendix. This means that our solution
has all the important quantitative features of the
solution for the infinite interface problem.

Equation 2.2a governs pull-out prior to crack nucle-
ation; i.e., 0 < Aoru < A. To solve eq 2.2a, we obtain
a discrete version of the elastic operator ge'astic(u), eq
2.4, using a fast Fourier transform (FFT) algorithm.
This approach allows us to transform the displacement
vector U(t) with N components

U() = UtX).. u(txy) o
(@1t X,),..,55% (1, X)) = (1)

to a vector o(t) with N components approximating the
values of the stress at the same nodes. This approach
ensures that if the initial conditions for u(t,x) are
periodic with period L, u(t,x) will also be periodic with
period L throughout the stimulation. The discretized
version of eq 2.2a is a system of ordinary differential
equations (ODE's)

— (Ui _
ot

e,A)71((~)_el¢slstic(l-’|)i + 1) (2.5)

where the index i denotes the value of the corresponding
function at node number i, namely, fi = f(x;).

The system of ODE’s eq 2.5 is supplemented by an
initial condition which is a random noise having a
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normalized amplitude
€ =Aex1l

where A = u(s/se) is defined in eq 2.3 (u ~ 15/8).
Specifically, the normalized opening displacement at t
= 0 is assumed to be

u(t=0,%) = €'§(x) (2.6)

where ¢ < 1 and §(xj), 1 < i < N, are independent
random variables uniformly distributed between 0 and
1. The system of ODE's eq 2.5 with initial condition eq
2.6 is solved by a standard Runge—Kutta procedure.
Since the solution of eq 2.2 depends only on two
parameters, A and ¢ (or equivalently A and ¢'), through-
out the simulations we will study the dependence of the
solution on the parameters A and ¢ or A and ¢'.

The solution procedure just described will be referred
to as procedure 1. It allows us to calculate the solution
of eq 2.5 at all nodes x; for t < T, i.e., before the
nucleation of the first crack. Crack nucleation occurs
at the normalized time T, when the equality ui = A is
satisfied at some point x; of the interface. After the first
crack nucleates, our numerical procedure must be
modified to enforce the traction-free condition on the
crack faces demanded by eq 2.2b.

To satisfy eq 2.2b when u; = A, we use the following
approach (procedure 2): suppose the solution u(t,x;) is
known for all i, 1 =i = N, and for t < tj and that, at t
= tj, there exist some nodes such that u; = A. To
calculate u(t,x;) at t = t; + At, we first use procedure 1
for all x; such that u(t,x;) < A, i.e., we solve the following
system of ordinary differential equations:

au;(t)

o — (e*Ui _ efA)fl((}elastic(u)i 4 1)

u; <A (2.7a)

For those nodes with u; = A, we integrate the equations

)

m C—l(aelastic(u)i + 1)

u=A (27b)

where £ is a small parameter. These two systems of
eqs 27a,b are coupled and must be solved simulta-
neously. In actual simulations, ¢ was taken to be 1076,
In this way, we obtain a first approximation ul(tj+At,x;)
to the solution. We expect that if ¢ is sufficiently small,
gelastic(yl); + 1 ~ 0 for ul; = A so that eq 2.2b is
approximately satisfied. By using ul(tj+At,x;), we ini-
tiate an iteration procedure to satisfy eq 2.2b for all x;
such that ul(tjtAt,x;) = A. These iterations are per-
formed according to the following scheme:

u"(t+ALX) — U ALY
T

[** U DI FALX) +1 u=A n=2

u"(tHALX) = " (G FALX) U <A (2.70)
where u" denotes the nth approximation to the solution
of egs 2.5a,b. The iteration parameter 7 is determined
by numerical experiments to provide covergence. The

criterion of convergence is

max(|[3"*"°(u"H](+ALX,) + 1) < 0.01 (2.8)

Xi

If the iterations converge, a new increment in time is
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taken and the procedure is repeated until the total
failure of the interface occurs.

Numerical procedure 2 described above allows us to
simulate the simultaneous propagation of several cracks
along the interface without explicit determination of
their locations. This is convenient because no modifica-
tion of the numerical scheme is needed when new cracks
nucleate or when two cracks link together (crack
coalescence).

All the numerical simulations in this work are carried
out with L = 32(27) and N = 1024. This choice of L
and N is based on the numerical simulations using
different periods to ensure that the results of the
discrete system do not depend on the length of the
period we used in our analysis. Details are given in the
Appendix.

3. Results of Numerical Simulations

3.1.1. Development of Instability and Localiza-
tion, u < A. The first set of numerical simulations is
designed to study the development of instabilities and
their relation to spatial localization before crack initia-
tion. In this case, u < A everywhere so that we need
only consider the evolution of u(t,x) before the nucleation
of the first crack. We seek to compare our numerical
solutions of the governing equations with the predictions
of the linear stability analysis given in part 1.

In this set of numerical simulations, egs 2.2a,b are
replaced by a single equation

_y ou(t,x)

~elastic
+1=
19 (u) e g

(2.9)

This modification may be justified as follows: since we
are interested in the case u < A, eq 2.2b is not needed.
Also, when u is significantly smaller than A, e™¢ — e A
~ e~Y. This modification is equivalent to using eq 2.1a
as the interface model, i.e., o = Be®®=945, The advan-
tage of this modification is that a single simulation is
needed to quantify the instability process for a given
amplitude of the initial perturbation €', since eq 2.9 is
independent of A and the dependence of the solution
on A appears only in the initial conditions, eq 2.6 (recall
that € = A¢). Thus, for any given A, the solution u(t,x)
before crack nucleation (i.e., u < A) is given by u(t,x), 0
<t < T, where T, is defined by Umax(Tc,e' ) = A. Note
that u(t,x), 0 < t < T, is a good approximation of the
solution of eq 2.2a for all values of t, except for t ~ T..

3.1.2. Dependence of Localization on the Am-
plitude of the Initial Perturbation. To see how
localization develops, we calculate the following mea-
sure of localization:

max(u(t,x;e"))
loc(te )= ————— (2.10)
me;an(u(t,x;e’ )

where meang(u(t,x;e' )) is the spatial average of the
interface opening displacement:

mean(u(t,xe')) = %fol'u(t,x;e' Yydx  (2.11)

Since loc(t,e' ) is calculated using u(t,x;e'), it depends
implicitly on the initial noise §(x;) and its amplitude ¢'.
This dependence is not indicated explicitly by the
notation loc(t,e’ ). According to the definition given by
eq 2.10, loc(t,e' ) = 1 for all values of t. For a spatially
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Figure 1. loc(t,e' ) plotted against Umax(t,e' ) for ¢ = 1071, 1072,
and 1073, ¢ is the normalized amplitude of the initial
perturbation in the interface opening defined by eq 1.24c. loc-
(t,e' ) is the measure of spatial localization of the interface
opening and is defined by eq 2.10. Umax(t,e’ ) is the maximum
value of the interface opening at time t, and it is a monotone
increasing function of t.
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uniform interface opening (i.e., the homogeneous solu-
tion uy(t) = —(log(1 — t)) defined in part 1 of this work),
loc(t,e' ) = 1 so that deviation of loc(t,e' ) from 1 measures
localization. We can now study how the localization
process depends on the amplitude of the initial pertur-
bation by calculating loc(t,¢' ) for several solutions with
the same initial noise §(x' ) but different amplitudes €'.

Instead of plotting loc(t,e’ ) vs t, we plot loc(t,e' ) vs
the maximum opening displacement umax(t,e' ), which
is a monotonically increasing function of t. This plot is
shown in Figure 1 where loc(t,e' ) is plotted against Umax-
(t,e") for several different values of ¢'. Figure 1 shows
that loc(t,¢' ) is close to 1 for sufficiently small values of
Umax(t,€' ) and has almost a zero slope. This means that
there is no localization in the beginning of the pull-out
process. When umax(t,€' ) reaches certain critical values
uc(e' ), which depends on €', loc(t,e' ) starts to increase
and varies approximately linearly with umax(t,e' ), indi-
cating localization. The linear growth of loc(t,¢' ) after
Umax(t,€' ) > uc(€') is due to the fact that the average
value of the interface opening does not change signifi-
cantly compared to umax(t,e’ ) during the localization
process. Thus, the condition umax(t,€' ) = uc(e' ) indicates
the onset of localization. Figure 1 shows that uc(e')
decreases as €' increases so that the larger the ampli-
tude of the initial perturbation, the earlier localization
starts to develop. In physical terms, an increase in the
entanglement number of pull-out chains or in the
amplitude of the initial perturbation decreases the
maximum relative opening displacement 6/A needed to
develop spatial localization.

The explanation for this feature is as follows: local-
ization develops due to the decrease in the resisting pull-
out force on a portion of the interface. This decrease in
the resisting pull-out force causes an increase in the rate
of interface opening in this portion of the interface,
which leads to a further decrease of the resisting pull-
out force. Continuation of this process leads to localiza-
tion. According to the chain pull-out model described
by eq 1.1, the resisting pull-out force is related to the
pull-out rate through the friction coefficient, which
increases with the entanglement number. Consider two
interfaces with chains of the same length but with
different numbers of entanglements. To be specific, we
will assume that chains in interface 1 have more
entanglements than those in interface 2. The two
interfaces are loaded in exactly the same way. Fur-
thermore, the same perturbation of the interface open-
ing is imposed on both interfaces. Consider a region of
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Figure 2. error(t,e' ) plotted against Umax(t,e' ) for ¢ = 1072,
1073, and 1074, error(t,e' ) (defined by eq 2.13) is a measure of
error in the approximation of the solution of nonlinear equa-
tions eq 2.2 by the solution of a linearized problem, given by
eq 2.12. umax(t,€') and €' are defined in the caption of Figure
1.

the interface with a slightly larger opening. This causes
a difference in the resisting pull-out force between the
chains in this region and those outside. This difference
in the resisting pull-out force is greater for interface 1,
as the number of entanglements in interface 1 is larger
than that of interface 2 (for the same change in opening
displacement), thus decreasing the maximum opening
displacement for localization for interface 1.

3.1.3. Comparison with Linear Stability Analy-
sis. Additional insight into the evolution of the interface
opening may be obtained by comparing the solution of
the nonlinear problem with the solution of the linearized
problem u'i", derived in part 1 of this work. For the
interface model considered here, u'" is

u"(t,x) = —(log(1 — 1)) + /" u(0,0)e"*(1 — )" dk
(2.12)

’ 2.7[ —® !

These equations follow from eq 1.33a and from the fact
that for elastic half-space i(x) = —|«|.

The solution of the linearized problem eq 2.12 may
be directly compared with the solution of the fully
nonlinear equations, with an error calculated according
to

max|u'™(t,x) — u(t,x)|

error(t,e' ) = (2.13)

max(u(t,x)) — min(u(t,x))

Note that error(t,e’) depends on initial conditions.
Figure 2 shows plots of error(t,e') vs Umax(t,e') for
different values of €'. As expected, the smaller ¢ is, the
better is the approximation of the nonlinear solution by
the linearized one. This is in agreement with the fact
that small ¢' corresponds to a small amplitude of the
initial perturbation from the homogeneous solution so
that spatial inhomogeneities take longer to develop.
Note that significant errors occur before localization
starts to develop, as is evident by comparing the cases
of ¢ = 1072 and 1073 on Figures 1 and 2. For example,
for ¢ = 1073, error(t,e' ) reaches 10% when Umax(t,e' ) ~
4.5, while the maximum opening displacement at the
onset of localization, uc(¢' ), is approximately 10.
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Figure 3. error'(t,e' ) plotted against Umax(t,e' ) for ¢ = 1072,
1073, and 1074, error'(t,€' ) (eq 2.14b) is a measure of difference
between the rescaled solution eq 2.14a of the nonlinear
equations eq 2.2 and the rescaled solution of the linearized
problem, given by eq 2.12.

3.1.4. Scaling between the Linear and Nonlin-
ear Solutions. In our simulation, we observed that the
linearized solution eq 2.12 remains qualitatively similar
to the nonlinear solution even after error(t,e' ) becomes
significant. To express this observation quantitatively,
we rescale the solution u(t,x) by

u(t,x) — min(u(t,x))
N(u(t.x) = :

(2.14a)
max(u(t,x)) — min(u(t,x))

The rescaling of u(t,x) corresponds to a rigid translation
by miny(u(t,x)) and a uniform stretch by the factor of
U[maxx(u(t,x)) — miny(u(t,x))].

According to eq 2.14a, N(u(t,x)) is a function with
values between 0 and 1. Our numerical result in Figure
3 indicates that

error'(t) = max|N(u(t,x)) — N@u"™(t,x))| (2.14b)

remains small even after error(t,e' ) becomes significant.
This means that in the beginning of the instability
development, the deviation of the linearized solution
from the exact solution is due to a rigid body translation
and a uniform stretch. In other words, the initial
deviation between linear and nonlinear solutions is not
due to localization, which forms later in the instability
process. Note that the dependence of error'(t) on €' is
not explicitly included in the notation in eq 2.14b.
Figure 3 shows a plot of error'(t) vs umax(t,e') for different
values of ¢/. Comparison of Figures 1 and 3 shows that
the values of umax(t,e' ) corresponding to the beginning
of the localization are approximately the same as those
corresponding to the moment when error'(t) starts to
grow. For example, for the case of ¢ = 1073, localization
starts to develop when uUmax(t,e') ~ 10 (Figure 1) and
error'(t) reaches 10% when umax(t,e' ) =~ 9.

3.2. Crack Formation, u = A. We study how
interface failure depends on the amplitude of the initial
perturbation ¢ and A. The original equations, eqs
2.2a,b, were integrated using procedure 2 described
above. In this set of simulations, the amplitude of the
initial perturbation was measured by ¢ instead of ¢,
because ¢ is directly related to the amplitude of the
initial opening in the physical system eq 1.24d. The
same shape of the initial noise was used in all the
simulations in this section. The integration was stopped
after the total failure of the interface.
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Figure 4. Average number of cracks per unit dimensionless
interface area CRN(A,¢) (defined by eq 2.16) plotted as a
function of A for e = 1072, 1073, and 107“. e is the physical
amplitude of the initial perturbation in the interface opening
defined by eq 1.24d. A is proportional to the entanglement
number of the pull-out chains and is defined by eq 1.23a.

In the following, we introduce three new quantities
CRP(t,Ae), CRN(Ae), and Umin(t,A,) to describe the
dependence of the failure modes on the parameters ¢
and A.

The cracked portion of the interface as a function of
time, CRP(t,A,¢), is defined as the ratio of the interface
area occupied by cracks to the total area:

[ro(u(tx) — A) dx

CRP(t,A,€) = - (2.15)
where
1, >0
0y) = {0 ¥ =0

The function CRP(t,A,¢) depends on parameters ¢ and
A.

The average number of cracks per unit area CRN-
(Ae) is defined as the integral of the number of cracks
per unit normalized area of the interface with respect
to the cracked portion of the interface:

1(no. of crack in L) 9CRP(t,A¢) gt

CRN(A€) = | 3 ot

(2.16)

In other words, CRN(A,¢) is the area under the curve
which results from plotting the number of cracks per
unit area of the interface vs the cracked portion of the
interface. CRN(A,¢) also depends on the shape of initial
noise, but for sufficiently large L, this dependence is
weak, and since we use the same shape of initial noise
d(xi), 1 =i = N, in all simulations, we do not indicate
this dependence explicitly. Note that 1/CRN(A,¢) is the
characteristic mean spacing between cracks. This
observation is important for the interpretation of nu-
merical results, as we shall see below.

Finally, we define the minimum value of the interface
opening by

(t,A,e) = min(u(t,x;A€)) (2.17)

umin
This quantity is used to characterize the inhomogeneity
of the interface opening during the fracture process.
One important characteristic feature of the fracture
process is the normalized density of cracks or, equiva-
lently, the characteristic normalized distance between
cracks 1/CRN(A,e). Figure 4 shows how the average
number of cracks per unit dimensionless interface area
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CRN(A€) depends on A and €. Note that the general
trend is the normalized density of cracks decreases as
A increases or € decreases. This figure shows that the
dependence of CRN(A,€) on € is weak compared with the
dependence on A. Since A = CA = uslse, the material
parameter which has a significant effect on the failure
mode (i.e., density of cracks) is the entanglement
number s/s. of the pull-out chains. It is important to
note that since the spatial coordinate x is normalized,
the characteristic distance between cracks in the physi-
cal system depends on the quantities involved in this
normalization. For example (see eq 2.3), the normaliza-
tion of the spatial coordinate depends on the level of
applied load, i.e., X' O Xo.. Thus, the actual physical
crack spacing depends inversely on the applied load and
decreases as the applied load increases; i.e., the crack
density increases as applied load is increased. To study
the dependence of the physical crack spacing on A, we
observe that, according to eq 2.3, X' =~ 150.(1 — v)/
(8\/K_AseG)x. For a rubberlike network, G O 1/s. so
that neither s nor s is involved in the normalization of
the spatial coordinate. This means that the dependence
of the physical crack spacing on the entanglement
number of pull-out chains is qualitatively the same as
that of the normalized crack spacing, which is shown
in Figure 4. Another important characteristic of the
fracture process is how inhomogeneous the interface
opening is during fracture. To obtain some insight, we
plot CRP(t,A,€) Vs umin(t,A,€)/A for different values of A
with € = 1072 in Figure 5. This figure shows that the
curves with different values of A exhibit the same
qualitative feature:; after the initiation of the first crack,
CRP(t,A,€) reaches about 90%, while umin(t,A€) stays
almost constant. The rest of the time is spent on pulling
out the remaining 10% of the chains, which makes little
contribution to the area occupied by cracks. On the
other hand, Figure 5 shows that the value of umin-
(t,A,e)/A corresponding to the beginning of the fracture
is strongly dependent on A: it decreases monotonically
with A. This figure shows that for A = 7, the first crack
is formed when the interface opening everywhere reaches
about 90% of the critical value so that the interface fails
almost homogeneously. On the other hand, the inter-
face opening displacement in some regions is below 50%
of the critical value (Umin(t,A,€)/A < 0.5) when the first
crack is formed for the case of A =15. Even when 90%
of the interface fails (CRP(t,A¢) reaches about 90%), the
displacement in the pull-out regions where umin(t,A,€)/A
< 0.5 remains practically unchanged. The final fracture
of the interface proceeds by the pull-out of chains in
these intact regions. Thus, for A = 15, the fracture
process is very inhomogeneous.
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Small A

Figure 6. Dependence of the fracture process on A illustrated
schematically. A is proportional to the entanglement number
of pull-out chains and is defined by eq 1.23a.

As pointed out earlier (see Figure 4), the dependence
of the fracture process on ¢ is relatively weak compared
with that on A. The dependence of the fracture process
on A is schematically illustrated in Figure 6. The
general trend is that longer pull-out chains (larger A)
lead to a sparser set of cracks, which are more “deep”
in the sense that the minimum interface opening is
small relative to the critical value A when cracks initiate
(i.e., the maximum over the uncracked portion of the
interface of the imbedded portion of the chain length is
large). In contrast, short pull-out chains result in a
more dense and “shallow” crack pattern.

4. Conclusion

A numerical procedure was developed to simulate the
deformation and failure of an interface reinforced by
chains.

We first simulated the development of instability
which leads to spatial localization of the interface.
These simulations demonstrate that the linear instabil-
ity predicted in part 1 leads to the development of the
spatial localization of the interface deformation. Our
results show that as the entanglement number of pull-
out chains or the amplitude of the initial perturbation
increases, the maximum relative opening displacement
d/A needed to develop spatial localization decreases. Our
numerical results show that the instability predicted by
the linearized solution in part 1 deviates significantly
from the solution of the nonlinear equations before the
development of spatial localization. However, we dem-
onstrated that the nonlinear solution in this regime
(before localization) can be approximated by a rigid
translation and a uniform stretching of the linearized
solution.

We next studied the failure of the interface by the
nucleation and propagation of interface cracks. Our
analysis showed that the average crack density in-
creases with the amplitude of the initial perturbation
and decreases with the entanglement number of the
pull-out chains s/s.. The dependence of the average
crack density on € is much weaker than its dependence
on s/se. Likewise, the failure mode of the interface is
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much more sensitive to s/s. than it is to €. For small
values of A or s/se, the interface fails in a homogeneous
manner; i.e., right after crack initiation, the interface
opening displacement reaches about 90% of the critical
value everywhere on the interface. On the other hand,
for large entanglement number s/se, the interface fails
in a very inhomogeneous manner in the sense that right
after crack initiation, there are regions of the interface
with opening displacement less than 50% of the critical
value. In this case, even when 90% of the interface has
failed, there are still a few intact regions with opening
displacement well below the critical level. The ultimate
failure of the interface proceeds by the pull-out of chains
in these intact regions.
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Appendix

We conducted a test for size effect. This test allow
us to determine N and L used in our numerical
procedure. In this test, ¢ = 1071, Three separate
simulations with L = L¢, L;, and L, were performed.
First, we set L = L; = 64(27) = 64(27)/«. (recall that
the critical normalized wavelength for instability is 2;
i.e., kc = 1), N = 1024, and Ax = L¢N.. The initial
perturbation §«(X;), 1 < i < N, is obtained by the
generation of white noise. In the first simulation, the
interval of periodicity is equal to L;, the mesh contains
N: nodes, and the initial conditions are given by €'g:(x;).
The parameters (L, Ny, §i(xi)) and (L, Ny, §r(xi)) used in
the other two simulations are given by

L=L,=L/2
N, = N, = 512 = 1024/2
§X) =8,0¢) 1=<i=<N,

O, (-n) =08ix) N +1s=i=N

In other words, we devided the interval L; into two parts
and treated each part as independent. All three simu-
lations are performed using procedure 1 and are stopped
at the same time T, which is defined by u,(T.e') =
10, where ut is the solution of the simulation using L
with initial conditions €'§(x;). To check for the presence
of size effect, we compare u{(T,x), 1 < i < N;, with
ul(T,x), 1 =i <Ny, and u(T,x;)), Nr + 1 < i < N, with
u"(TXi—n,), Nr + 1 < i < Ny, where u' and u" are the
solutions with initial conditions €'@i(xi) and €'§.(x),
respectively. The agreement between these solutions
is excellent. We thus conclude that size effects in the
simulation are negligible if the parameters L = 64x and
N = 512 are used. This choice of L and N allows us to
approximate an infinite interface by a finite one. To
improve accuracy, all simulations are performed for L
= 32(27) and N = 1024 (the number of nodes was
increased to provide better accuracy for the simulations
of crack propagation).
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